Different methods of optimizing terrain following trajectories have been investigated as an extension of earlier reduced order formulations. This consists of employing a constant energy formulation rather than a constant velocity formulation, on the premise that a constant energy formulation will result in trajectories that are more consistent with the full vehicle dynamics. Consequently, this will be less demanding on the design of an outer loop controller that will ultimately be needed to follow the optimized trajectories. In addition, preliminary analysis of incorporating a constraint on the turn rate has been performed and initial results using actual terrain data have been presented.
Introduction
High-flying unmanned reconnaissance and surveillance systems are now being used extensively in the United States military.
Current development programs will soon produce demonstrations of nextgeneration unmanned flight systems that are designed to perform combat missions. In practice, these vehicles must achieve a high level of autonomy in operations to be successfully deployed in large numbers.
Their use in first-strike combat operations will dictate operations in densely cluttered environments that include unknown obstacles and threats, and will require the use of terrain for masking. The demand for autonomy of operations in such environments dictates the need for an on-board trajectory optimization capability.
In the early 1990s, P. K. Menon and Eulgon Kim researched methods of optimal trajectory path planning for terrain following and terrain masking flight. This research produced a reduced order formulation based on a constant velocity approach.
1,2 A more realistic approach to the problem would be to use a constant energy formulation, which better accounts for the actual abilities of the vehicle. This paper expands on the work done by Menon and Kim while using a constant energy approach. Two new formulations are presented: one simplified method and one in the local tangent plane. Two new methods of limiting the turn rate of the vehicle are also investigated. These include a direct method of actually using a heading rate constraint and an indirect method of incorporating an angle-of-attack limit.
Optimal Trajectory Formulations
Two new formulations have been derived for terrain following problem formulation found in References 1 and 2. The new formulations use a constant energy approximation, as opposed to a constant velocity approximation.
A Simplified Formulation
For the first formulation, the equations of motion are written in a local level frame.
where x and y are the position coordinates, ψ is the heading angle (and also the control variable) and V is the horizontal component of velocity. If the vertical component of velocity is small, then V can approximately related to energy per unity mass (E) by
In this expression h c is the ground clearance and 
The function ) y , x ( f denotes a combined penalty function of the terrain and threats. The weighting parameter, K, can vary between 0 and 1 and determines the amount of terrain masking and threat avoidance used in the optimization. When K = 0, the equations are optimized with respect to time. When K is set to 1, the path is optimized with respect to the threats and the terrain. For example, if
, then the path that minimizes the integrated altitude profile is found. More generally a weighted function of the terrain and threats will be employed, In this formulation, the final time is free, and since the formulation is time invariant, 0 = H all along the trajectory. Using this fact together with (11), it is possible to obtain the following solutions for the costate variables
Taking the time derivative of (12) results in At this point, the problem to be solved has been reduced to three state equations (1), (2) and (15) The second formulation incorporates the constraint that the vehicle flies tangentially to the local terrain directly into the equations of motion. This is done by using the formulation in References 1 and 2 that starts out by writing the equations of motion in a local tangent frame. In the local tangent frame, the form of these equations become identical in form to (1) and (2), however V represents the total velocity in this formulation.
Consequently the approximation embodied in the first formulation presented above is eliminated. After transformation to the local level frame, the equations motion become: 
The corresponding optimality condition is Taking the time derivative of (41) and setting it equal to (25) yields the following expression for the heading angle rate: 
As with the previous formulation, the system is now reduced to solving three differential equations with one unknown parameter, the initial heading. 
Equations (55) and (56) are the same as those obtained earlier in (8) and (9) or (25) and (26), and (57) reduces to the optimality conditions in (11) or (40). Therefore, the portion of the trajectory in which the constraint is not on the limit may be solved the same way as described earlier for the unconstrained case.
When the optimality conditions result in a solution for the first and second formulations, respectively. This results in a system of six differential equations that must be solved for along a constrained arc; however, there are no unknown parameters to be found. All of American Institute of Aeronautics and Astronautics the initial conditions are equal to their respective values at the point of entering the constraint, which can be easily calculated.
The constrained solution for the case where the unconstrained solution violates the lower limit mirrors the constrained solution obtained for the case where it violates the upper limit. The only difference is in the optimality condition. where V is the total velocity, ψ is the heading, γ is the flight path angle, L is the lift, µ is the bank angle, and m is the mass. In low speed flight, the turn rates in (66) are limited by the stall angle of attack. The lift limit that results from a limit on angle of attack is given by
where the overbar indicates a limit value. Note that since q is a quadratic function of V, (66) implies that for given alpha, both heading rate and flight path increase linearly with velocity. Thus, if the flight speed is already being maintained as high as possible, maintaining a commanded heading rate when on the alpha limit by using throttle control is not an option.
Assuming that throttle is used to maintain constant energy, the expression for the first and second time derivatives of altitude are: Consequently, viewing alpha as the fundamental limit results in a limit on ψ& through (66) that is a complex function of x, y and ψ . Therefore, the corresponding costate equations become significantly more complex when the alpha constraint becomes active. This is in contrast to the situation described so far in this paper, where the x and y costate equations remain the same when on the heading rate limit.
Numerical Results
Generic testing model A sample trajectory was generated for each of the formulations. However, the heading rate constraint has not yet been implemented, but will be for the final paper. In both cases, the path was from the initial point (-10, -10) to a final point (10, 10). The terrain was generated from the function The trajectories found with each formulation are essentially identical. Figure 1 below shows the path over the terrain for K=1 while Figure 2 shows the trajectory for K=0. In Figure 2 , this path is basically a straight line. In Figure 1 it can be seen that the trajectory winds around the hills.
Although the trajectories are nearly identical, this does not imply that the simplified formulation can be used in place of the tangent plane formulation with negligible effect on the guided solution when the full American Institute of Aeronautics and Astronautics aircraft dynamics are taken into account. This can only be assessed using a higher fidelity simulation of the aircraft motion. To test the optimization routines more accurately, it has been decided to use a Georgia Tech UAV that is under construction, depicted in Figure 3 . This UAV has a wingspan of 170 inches with a center chord of 17.25 inches. The span of the horizontal tail is 43.2 inches while the overall length of the aircraft is 128.3 inches. This vehicle has an empty weight of about 50 pounds and can carry up to 50 pounds in payload and fuel. The maximum endurance of this aircraft is approximately 3 hours. In addition, it has a 20 horsepower, 2 stroke, air cooled engine. The velocity range of this UAV is assumed to be 60 feet per second to 200 feet per second. To increase the realism of this model, real terrain data was acquired from the United States Geological Survey to incorporate into this model 3 . The data was found in tabular format relating the altitude to the locations longitude and latitude, with data points spaced approximately every 48 feet. This data was then converted to matrix form, from which it could then be used as ) , ( For this portion of the testing, it was decided to use a section of terrain near Columbus, Ohio. A profile of this terrain can be seen in Figure 4 . In this graph, the x and y axes depict the position coordinates, measured in feet, such that the x axis point north and the y axis points west. The altitude of the terrain is measured along the z -axis and is also given in feet. This plot depicts a square plot of land, with 10,000 feet to a side. The measurements along the x and y axes are relative to a set origin for the terrain data collected; this plot is just one small piece. 
Terrain Path Results
Some initial results using actual terrain data have been investigated using the simplified formulation described above. The energy, which is stated and held constant through the calculations, was found by determining the energy needed to fly the vehicle at its minimum speed at the highest altitude position in an area near the flight path. This ensures that the necessary velocity for flight is never smaller than the minimum. However, if the change in altitude is too large, the velocity of the plane can exceed its upper bounds at lower altitudes, so a velocity constraint will need to be implemented. Some flight paths have been computed using the simplified formulation outlined above. Initial results from this can be seen in Figures 5 and 6 . In Figure 5 , it can be seen that a flight trajectory is outlined from the point (15500,34000) to (18300,31800) --this entails a flight of 3561 feet. Figure 6 shows a trajectory of 3688 feet from the point (18000, 34100) to (15200, 31700). In both plots, the black trajectory represents K = 1 while the purple trajectory is for the case K = 0. In addition, as can be seen in the figures, the trajectories for both K = 0 and K = 1 are similar. This is because a minimum time approach with constant energy will also work to minimize the altitude of flight, to some extent, due to the fact that the velocity of the vehicle will be greater at lower altitudes. 
Simulator Implementation
The trajectory optimization program using the simplified formulation has recently begun initial testing in a flight simulator. At present, it has been seen that the simulator is capable of following the path determined from the trajectory optimization routine; however, the response is a little sluggish in sections. In parts where the determined required velocity is greater, the simulator shows some problem with matching those speeds. These concerns can be corrected with the implementation of a velocity constraint, as mentioned previously. 
Future Research
For the time being it has been decided to continue using both the simplified formulation and the tangent plane formulation.
Once the trajectories can be compared using the flight simulator, the differences between the two formulations will be evaluated and a decision will be made about which formulation to use in the remainder of the project. Also, the effects due to wind will be added to the program. In addition, the heading constraint and alpha limit will be implemented, and a velocity constraint will be included. American Institute of Aeronautics and Astronautics
The long-range goal is to imbed as much of the full vehicle dynamics as possible into the formulation, while maintaining a tractable solution process. Those dynamics that cannot be directly accounted for will be treated using singular perturbation methods of analysis 4 .
For example, the next step might consider introducing the energy as an additional control variable, subject to a limit on energy rate, and making the turn rate limit a function of both velocity and the local terrain gradient.
